We survey and extend recent work on integrally closed overrings of two-dimensional Noetherian domains, where such overrings are viewed as intersections of valuation overrings. Of particular interest are the cases where the domain can be represented uniquely by an irredundant intersection of valuation rings, and when the valuation rings can be chosen from a Noetherian subspace of the Zariski-Riemann space of valuation rings.
Introduction
This article is motivated by the problem of trying to understand the integrally closed domains that can occur between an arbitrary Noetherian domain D of Krull dimension 2 and its quotient field. In general such a ring need not be Noetherian, and from the idiosyncratic standpoint of this article, the Noetherian rings are less interesting than the non-Noetherian ones. This is because we approach integrally closed rings from the "outside," and seek to describe them as an intersection of valuation overrings, and in particular how they are cut out of the quotient field by these intersections. It is known, thanks to a 1969 theorem of Heinzer which we state below, how the integrally closed Noetherian overrings of D are cut out in this way: they are precisely the overrings having a finite character representation consisting of DVRs. Recall that a collection of valuation overrings of a domain H has finite character if each nonzero element of H is a unit in all but at most finitely many valuation rings in the collection. A DVR is a discrete rank one valuation ring, or, equivalently, a local PID. An overring of H is an ring between H and its quotient field. Heinzer's theorem then states: Theorem 1.1. (Heinzer [7] ) Let H be an integrally closed overring of a twodimensional Noetherian domain. Then H is a Noetherian domain if and only if H is a finite character intersection of DVR overrings of H. 1 From well-known properties of Krull domains, we deduce then that an integrally closed overring H of a two-dimensional Noetherian domain is Noetherian if and only if H can be written uniquely as an irredundant finite character intersection of DVRs. Thus each integrally closed Noetherian overring is determined in a precise way by a unique set of DVR overrings. This gives additional evidence that from our peculiar point of view, the Noetherian case is particularly transparent.
In this article, we consider other classes of rings that can be represented in a similar way. We are particularly interested in existence and uniqueness of nice representations of overrings of two-dimensional Noetherian domains. Of course, the richness and complexity of the class of two-dimensional integrally closed Noetherian domains, despite the transparent way in which they are assembled from DVRs, suggest that intersections of even "more" valuation overrings which need not be DVRs, should produce even more complicated rings. So our goal is not so much to shed light on the ideal theory or the internal structure of the integrally closed overrings of D, as it is to understand better the different sorts of representations of these rings one can encounter in the vast expanse between a two-dimensional Noetherian domain and its quotient field.
In keeping with the theme of Heinzer's theorem, we intersect valuation rings coming from topologically "small" (in actuality, Noetherian) subspaces of the Zariski-Riemann space of all valuation overrings of D, and we show that a fairly complete and satisfactory account can be given of these intersections. In so doing, since finite character collections of valuation rings are Noetherian spaces, we also generalize Heinzer's theorem, and classify the integrally closed overrings of D that are finite character intersections of arbitrary valuation overrings of D, not just DVRs.
Our approach to these topics is from the following more general point of view. With D a two-dimensional Noetherian domain, let R be an integrally closed overring of D. If H is an integrally closed overring of D such that D ⊆ H ⊆ R, then there exists a collection Σ of valuation overrings of D, none of which contain R, such that H = ( V ∈Σ V ) ∩ R. When not many such valuation rings are needed, i.e., when Σ can be chosen a Noetherian subspace of the space of all valuation overrings of D, then we can say quite a lot about H in terms of R, but of course, what we can say is limited by our knowledge of R. However, choosing R to be the quotient field of D, we then obtain the setting described in the preceding paragraph, and our results are more definitive.
The most success with this sort of approach has been achieved by K. A. Loper and F. Tartarone in their very interesting recent study [13] of the integrally closed rings between Z[X] and Q[X]. They use MacLane's notion of key polynomials to place a tree structure on the valuation overrings of Z[X], and from this structure deduce information about integrally closed rings between Z[X] and Q[X], such as when such rings are Prüfer, Noetherian or Mori. The framework they introduce to consider such questions is beyond the scope of the present paper, but we do recall one of their main results below, in Theorem 2.11.
By way of introduction, we review next some general properties of integrally closed overrings of two-dimensional Noetherian domains, and discuss the valuation theory of these domains. The following proposition, which can be found in [19] and is an easy consequence of well-known results, perhaps misleads one to believe that the class of integrally closed overrings of D might have more tractability than it does, in that the residues and localizations at nonmaximal prime ideals are Noetherian domains. Yet even given these strong constraints, there exist numerous examples of complicated non-Noetherian integrally closed overrings of two-dimensional Noetherian domains, as is suggested by the rings we consider later in Section 4.
Proposition 1.2. [19, Proposition 2.3]
Let H be an integrally closed overring of the two-dimensional Noetherian domain D, and suppose that P is a nonzero prime ideal of H. Then H has Krull dimension ≤ 2, H/P is a Noetherian domain, and if P is not a maximal ideal of H, then H P is a DVR.
Applying the proposition to the special case of valuation overrings of D, we see that every such valuation overring V has Krull dimension at most 2, and if V has Krull dimension 2, then for P the height 1 prime ideal of V , we have that both V /P and V P are DVRs; equivalently, the value group of V is isomorphic to Z ⊕ Z, ordered lexicographically. This classifies the valuation overrings of D of Krull dimension 2. In fact the basic valuation theory of twodimensional Noetherian domains can be described rather briefly. For ease of reference we restate first our classification of the two-dimensional case. (1.4) Rational and irrational valuation rings. A valuation domain is rational if its value group is isomorphic as a totally ordered abelian group to a nonzero subgroup of the rational numbers. A valuation domain is irrational if it is not rational and its value group is isomorphic as a totally ordered abelian group to a nonzero subgroup of the real numbers. A valuation ring has Krull dimension 1 if and only if its value group is isomorphic as a totally ordered group to a subgroup of the real numbers [4] ; hence a valuation ring has Krull dimension 1 if and only if it is rational or irrational.
(1.5) Prime divisors. Among the DVR overrings of the two-dimensional Noetherian domain D, the essential prime divisors of D are those of the form D P , where D is the integral closure of D in its quotient field and P is a height one prime ideal of D. The hidden prime divisors are those valuation overrings V that are DVRs having maximal ideals contracting to a maximal ideal of D and such that the residue field of V has transcendence degree 1 over the residue field of its center in D. A hidden prime divisor has the property that its residue field is a finitely generated extension of the residue field of its center m V ∩ D in D [1, Theorem 1(4)]. Moreover, a hidden prime divisor of D cannot be an essential prime divisor of D. The classes of essential and hidden prime divisors do not generally account for all the DVR overrings of D. 2 There remains the class of DVRs having maximal ideals contracting to a height 2 maximal ideal of D and such that the residue field of V is algebraic over the residue field of its center in D. See [23, p. 102] for explicit examples of such DVRs.
Notation. Most of our notation is standard, with a few possible exceptions. When H is a domain, R is an overring of H and P is a prime ideal of H, we write R P for the ring RH P = (H \ P ) −1 R. We also always denote the maximal ideal of a valuation ring V by M V , and when V has a height 1 prime ideal, we denote this by P V . Of course it can happen that P V = M V .
Strongly irredundant representatives
An integral domain is integrally closed if and only if it is an intersection of valuation overrings, but in general no one valuation overring is special enough to be necessary in this representation. However, the phenomenon of being necessary in the representation does occur, as we will see often throughout the rest of this article. To formalize this idea, we introduce first some terminology. Let R be an overring of a domain H.
When R is the quotient field of H, then H = V ∈Σ V , and we say simply that Σ is a representation of H. As discussed in the introduction, the added generality here in allowing R to range over various integrally closed overrings is a useful framework for considering the case where R is an integrally closed overring of the two-dimensional Noetherian domain D, and H is an integrally closed domain with D ⊆ H ⊆ R, since then H has an R-representation consisting of valuation rings not containing R. For this reason, most of what follows is phrased in terms of R-representations, but by choosing R to be the quotient field of D, one effortlessly obtains stronger consequences.
The existence of an R-representation of the domain H is a triviality, since one may always choose the set Zar(H) of all valuation overrings of H, or even the set {V ∈ Zar(H) : R ⊆ V } for the representation. Thus a more interesting issue is the existence of "nice" R-representations. In particular, in this section we are interested in when such a representation is unique; uniqueness, as usual, presupposes irredundance:
The main question we address then is: When can an integrally closed overring of D have two different irredundant R-representations? The short answer is: "frequently", but we will see that this is because the question is not quite posed correctly.
The following easy example makes this clearer. Let P be a height 1 prime ideal of an integrally closed local Noetherian domain H of Krull dimension 2. Let X be the collection of height 1 prime ideals of H distinct from P , and let R = Q∈X H Q . If W is any valuation overring of H of Krull dimension 2 such that H ⊆ W ⊆ H P , then H = W ∩ R = H P ∩ R and W and H P are irredundant in these representations, yet W = H P .
Thus uniqueness fails in the example because one of the valuation rings, W , can be replaced in the representation by one of its valuation overrings, namely H P . So we refine our notion of irredundance to exclude the phenomenon in the example, and we say that an R-representation Σ of H is strongly irredundant if no member V of Σ can be replaced with a proper overring V 1 of V . More precisely, Σ is a strongly irredundant R-representation of H if for every V ∈ Σ and proper overring
The more interesting question then is: When can an integrally closed overring of D have two different strongly irredundant R-representations? We will see below that the answer for a large class of strongly irredundant Rrepresentations is "never," and hence that for this class, strongly irredundant representations are always unique. We postpone till the next section the very relevant question of when such representations occur. But even putting aside this issue of existence, the finite case is still interesting. For a consequence of the uniqueness theorem, Theorem 2.8, is that if R is an integrally closed overring of D, and V 1 , . . . , V n , W 1 , . . . , W m are valuation overrings of D not containing R such that:
then by throwing out unneeded V i 's and W j 's, and by replacing wherever possible the V i 's and W j 's with overrings (finiteness here allows all this), we may assume that these intersections are strongly irredundant. Hence, from the uniqueness theorem, we have cancellation: namely, {V 1 , . . . , V n } = {W 1 , . . . , W m }.
Uniqueness depends heavily on our hypotheses here. For example, it fails in dimension higher than 2: Let K be a field, and let X, Y, Z be indeterminates for K. (Z) and H = K + ZU . Then H is an integrally closed overring of a three-dimensional Noetherian domain that has uncountably many distinct strongly irredundant representations [18, Example 6.2] . Uniqueness can also fail if R is not integrally closed. Briefly, following Example 6.1 in [18] , where more details are included, let D = Q[X, Y ], and
, where x, y ∈ A and y 2 = x 3 + x − 1. Consider the subring Q[x] of D P /P D P , and let U = Q[x] (x−1) . Then there exist two distinct valuation rings U 1 and
Moreover, there exists a subring R of D P such that P D P ⊆ R ⊆ D P and R/P D P = Q(x), and there exist valuation overrings V 1 and
In light of the uniqueness theorem, the problem here-the reason that uniqueness fails-is that R is not integrally closed.
The above two examples involve valuation rings of Krull dimension > 1, and it is in dealing with these valuation rings where it is important that we work over two-dimensional Noetherian domains. But if one restricts to valuation rings of Krull dimension 1, then this hypotheses is not needed, as long as the collections are assumed to have finite character. This is part of a theorem due to Heinzer and Ohm, which we state shortly. But first we introduce some terminology: Let H be a domain, and let R be an overring of H. If V is a valuation overring of H, then we say that V is a (strongly) irredundant R-representative of H if there exists an R-representation Σ of H such that V ∈ Σ and V is (strongly) irredundant in this representation. Thus V is a strongly irredundant R-representative of H if and only if there exists an integrally closed overring R 1 of H such that H = V ∩ R 1 ∩ R and V is strongly irredundant in this intersection. In the case where R is the quotient field of H, we simply say that V is a strongly irredundant representative of H. Thus V is a strongly irredundant representative of H if and only if there exists an integrally closed overring R 1 of H such that H = V ∩ R 1 and V is strongly irredundant in this intersection. In particular, a strongly irredundant R-representative is a strongly irredundant representative.
A valuation ring that has Krull dimension 1 is, trivially, an irredundant representative if and only if it is a strongly irredundant representative. As noted above, it is in treating valuation overrings of Krull dimension > 1 where we need to work over a two-dimensional Noetherian domain in order to obtain the strongest results. But restricting for the moment to one-dimensional valuation rings, there exist some very general results, the first of which concerns rational valuation rings: A slight technical generalization of the proposition is proved in Lemma 3.1 of the article [18] : If H = V ∩ R, where V is a valuation overring of H not necessarily of Krull dimension 1, and there exists a nonmaximal prime ideal P of V such that V /P is a rational valuation ring and V ⊆ H P∩H , then V is a localization of H or H = V P ∩R. The relevance of this more general version is that if H is an overring of the two-dimensional Noetherian domain D, and V has Krull dimension 2, then V /P is a DVR, hence a rational valuation ring, where P is the nonzero nonmaximal prime ideal of V . This is the main step in obtaining the following useful characterization. A domain H is completely integrally closed if for every x in the quotient field, x belongs to H whenever the powers x n (n ≥ 0) are contained in a finitely generated H-submodule of the quotient field of H. For example, an intersection of valuation rings of Krull dimension 1 is completely integrally closed. We observe in the next proposition, which will be useful in Section 4, that the only strongly irredundant representatives a completely integrally closed domain possibly can have are those of Krull dimension 1. Proof. Let P be a nonzero nonmaximal prime ideal of V , and let U = V P .
In particular, an integrally closed Noetherian domain D, since it is completely integrally closed, cannot have a strongly irredundant representative of Krull dimension > 1. In fact, if D has Krull dimension 2, the only strongly irredundant representatives of D are its essential prime divisors [19, Corollary 3.7 ].
Returning to the general setting where we do not assume H is an overring of a two-dimensional Noetherian domain, and continuing with the theme of identifying when irredundant representatives are localizations, we see in the special case where R has nonzero Jacobson radical, then not only are irredundant representatives localizations, but so is the ring R: 
. . , V n are valuation overrings of Krull dimension 1 that are irredundant in this intersection, then R and each V i is a localization of H.
The next proposition also concerns valuation overrings of Krull dimension 1 that are irredundant representatives. The V -value referred to in the proposition is the value of a given element under the valuation corresponding to the valuation ring V . In light of Proposition 2.1, the real content of the proposition is that if V is an irrational irredundant representative, then its maximal ideal is generated as an ideal of V by its center in H. 
, where V is the valuation ring corresponding to v. Then V is an irrational valuation ring irredundant in this representation. Moreover, if M = M V ∩ H, then by the proposition, M V is the maximal ideal of V . Ohm's original motivation for introducing this example was to show that a domain that is an (irredundant) intersection of valuation overrings of Krull dimension 1 need not have the property that every nonunit is contained in a height one prime ideal. Indeed, in the example, the maximal ideal M is the radical of pH in H [17, Corollary 5.6].
We turn now to the framing of our main uniqueness result, Theorem 2.8. The dimension 1 case, which is due to Heinzer and Ohm, works without assumptions on being an overring of a two-dimensional Noetherian domain. Note that the theorem asserts both existence and uniqueness: As alluded to earlier, the valuation overrings of Krull dimension > 1 cause more difficulties. But in the context of overrings of two-dimensional Noetherian domains, as discussed in (1.3), a valuation overring of Krull dimension > 1 must be a discrete valuation ring of Krull dimension 2. Let V be such a valuation ring, and let P denote the nonzero nonmaximal prime ideal of V . Then V /P is a DVR with quotient field V P /P. If also P contracts to a height 2 maximal ideal of D, then, as in (1.5), V P /P is a finitely generated field extension of D/(P ∩ D) of transcendence degree 1, a fact that allows the strong approximation theorem for projective curves to be exploited in the treatment of V . This is done in [18] to obtain one of the main results of that article: The next theorem, our main uniqueness theorem, appears in slightly weaker form in Corollary 5.6 of [18] . It is a consequence of Theorems 2.6 and 2.7. We need the added strength of the present version in order to prove Corollary 2.12 below. 
and let ∆ be the subcollection of irrational valuation rings in Γ . If each maximal ideal of H has at most finitely many members of ∆ centered on it (which is the case if ∆ has finite character), and the members of Σ and Γ are strongly irredundant in these intersections, then Σ = Γ .
Proof. We claim that
, we may assume without loss of generality that Σ ∩ Γ is empty and every valuation ring in Σ and Γ has Krull dimension 1. We will derive a contradiction to the assumption that Σ ∩ Γ is empty, and by so doing
is a rational valuation ring, then by Proposition 2.1, U = H P , and hence the irredundancy of Γ implies that U is the only member of Γ centered on P ; i.e. Γ (P ) = {U }. Otherwise, every member of Γ (P ) is an irrational valuation ring, so by assumption there are at most finitely many members of Γ centered on the maximal ideal P . Hence, in every case, Γ (P ) is a finite set. Thus since V is an irredundant R 1 -representative of H, and Γ (P ) is a finite R 1 -representation of H, we have by Theorem 2.6 that V ∈ Γ (P ) ⊆ Γ . But we have assumed that Σ ∩ Γ is empty, so this contradiction shows that every valuation ring in Σ is centered on a nonmaximal prime ideal of H. Now let W ∈ Γ . Then there exists an integrally closed ring
is nonempty, and we may choose U ∈ Σ(P ). As we have shown above, every member of Σ is centered on a nonmaximal prime ideal of H, so necessarily, since Q ⊆ M U ∩ H and H has Krull dimension at most 2 (Proposition 1.2), it must be that Q = M U ∩ H, and Q is a nonmaximal prime ideal of H. But H Q ⊆ W ∩ U , and since by Proposition 1.2, H Q is a DVR, we have W = U ∈ Σ. This contradicts the assumption that Σ ∩ Γ is nonempty, so we conclude that Σ = Γ Theorem 2.8 does not appear to generalize in any obvious way to higher dimensions, a fact which is not too surprising given our reliance, as discussed above, on a reduction to the case of projective curves. Example 6.2 of [18] , which was recalled earlier in this section, demonstrates in fact that uniqueness of strongly irredundant representations fails rather dramatically for overrings of three-dimensional Noetherian domains. Example 6.1 of [18] , which was also recalled earlier, shows that Theorem 2.8 can fail if R is not integrally closed. However, I do not know of any examples that show the restriction on ∆ is needed in the theorem. This raises: Question 2.9. Can the restriction on ∆ in Theorem 2.8 be omitted? That is, suppose that R is an integrally closed overring of the two-dimensional Noetherian domain D, and Σ and Γ are collections of valuation overrings of
If the members of Σ and Γ are strongly irredundant in these intersections, is Σ = Γ ?
To answer the question in the affirmative, the proof of Theorem 2.8 shows that it is enough to prove the question has a positive answer in the case where Σ and Γ consists of irrational valuation rings. This raises a more general question, one in which we do not restrict to overrings of two-dimensional Noetherian domains. Question 2.10. Suppose that H is a domain, R is an overring of H and Σ and Γ are collections of valuation overrings of H of Krull dimension 1 such that
If the members of Σ and Γ are irredundant in these intersections, is Σ = Γ ? (Theorem 2. 6 shows that the answer to the question is yes if Σ has finite character.) See also Question 4.3 for another approach to answering Question 2.9. In lieu of not knowing the answer to Question 2.9, we give next a specific instance in which the restriction on ∆ in Theorem 2.8 is automatically satisfied. We consider integrally closed rings between V [X] and F [X], where V is a DVR with finite residue field and F is the quotient field of V . In [13] 
Using the theorem, we can prove for R = F [X] a uniqueness result that on the surface appears stronger than Theorem 2.8. 
and the members of Σ and Γ are strongly irredundant in these intersections. It follows from the proposition that a Noetherian space of valuation rings need not have finite character. For example, suppose that D is a twodimensional Noetherian domain, and V is a hidden prime divisor of D. Then by the proposition, the collection of all valuation rings U with D ⊆ U ⊆ V is a Noetherian subspace of Zar(D), and it is easy to see that since by (1.5), the field V /M V has transcendence degree 1 over the residue field D/(M V ∩ D), there are infinitely many such valuation rings U , and since each contains M V , the collection of all such rings U does not have finite character.
The proposition suggests the question of whether Σ 1 having finite character always implies that Σ is a Noetherian space. This is not the case, as follows from (4.5) and Proposition 4.6 in the next section, where there is exhibited an integrally closed overring H of a two-dimensional Noetherian domain such that Σ 1 has finite character but H does not have a Noetherian representation. In fact, the domain H in Unpacking the theorem, we see that a Noetherian R-representation of an overring of a two-dimensional Noetherian domain (a) can always be replaced by a strongly irredundant Noetherian R-representation, (b) this Rrepresentation is unique, and (c) it consists of all the strongly irredundant R-representatives of H. Statement (a) holds much more generally (see below), while statement (b) follows from Theorem 2.8. Statement (c) is a bit more subtle, in that strongly irredundant R-representatives of H are defined "locally": V is a strongly irredundant R-representative if H = V ∩ R 1 for some integrally closed overring R 1 ⊆ R. Thus (c) asserts that the collection of all such representatives is large enough to form a representation of H, a fact which is not obvious, yet small enough to be strongly irredundant.
The existence of a strongly irredundant R-representation in Theorem 3.3 is a consequence of a general result: If a domain H with overring R has a Noetherian (resp., finite character) R-representation Σ of valuation overrings, then H has a strongly irredundant Noetherian (resp., finite character) R-representation Γ of valuation overrings. Moreover, every member of Γ can be chosen a valuation overring of a member of Σ [21, Theorem 4.3]. Following [2] , where this result was proven for finite character collections and in the case where R is the quotient field, the main idea behind the proof of this result is to pass to a Kronecker function ring of H, and to sort things out there, which is easier to do since this ring is a Prüfer domain, meaning that each valuation overring is a localization. In fact, the argument given in [21] works for collections of integrally closed domains, not just valuation rings.
One of the consequences of Theorem 3.3 is that to exhibit a (the!) strongly irredundant R-representation of H, one must find all the strongly irredundant R-representatives of H; these then form the unique strongly irredundant R-representation of H. Identifying which valuation overrings are strongly irredundant R-representatives is in general not easy. The next proposition considers a special sort of Noetherian R-representation, one which contains only finitely many essential prime divisors, and for which R is "close" to H. In this case, H has a very transparent strongly irredundant R-representation.
In the theorem, we use the notation P V to denote the height 1 prime ideal of a valuation ring V of Krull dimension ≥ 1. 
In particular, suppose A is an integrally closed overring of the twodimensional Noetherian domain D, suppose that A is not completely integrally closed, and let R be the intersection of all the valuation overrings of A of Krull dimension 1. Then A = R, since A is not completely integrally closed. Choose any collection Σ of valuation overrings of A such that Σ 1 is finite, and define H = ( V ∈Σ V ) ∩ R. Then, assuming some V in Σ does not contain R, the theorem implies that {V ∈ Zar(H) : R ⊆ V } is the unique strongly irredundant R-representation of H; see Corollary 4.8 of [18] for more details and a stronger version of this fact.
Another quick consequence of the theorem is that if V and W are distinct valuation overrings of D such that W has Krull dimension 2 with V ∩ R ⊆ W and R ⊆ V P V ∩ W P W , then necessarily R ⊆ W . More generally: 
Along these same lines, the theorem also implies the following corollary, which is interesting when H is not completely integrally closed, and hence H = H . We turn now to the classification of quasilocal overrings H of the twodimensional Noetherian domain D that have a Noetherian R-representation. This restriction to the quasilocal case is a reasonable reduction to make because of the next proposition. It follows from general principles, so we do not restrict to the case where H is an overring of a two-dimensional Noetherian domain. Thus if H has a Noetherian (resp., finite character) R-representation, and M is a maximal ideal of H, then by Proposition 3.7, H M has a Noetherian (resp., finite character) R M -representation, and for this reason we are interested in the quasilocal case. One of the main results of the article [19] is the following characterization. (1) H has a Noetherian (resp., finite character) R-representation.
(2) E/M is a Noetherian ring (resp., finitely generated H/M -algebra) and E = A ∩ B ∩ R, where B is an integrally closed Noetherian overring of H and A is either the quotient field of H or a finite intersection of irrational valuation overrings of H.
In the special case where R is the quotient field of D, Theorem 3.8 can be formulated more succinctly using Corollary 8.3 of [19] , which states that the ring H has a Noetherian representation (that is, a Noetherian R- For example, suppose that R is an integrally closed overring of the twodimensional Noetherian domain D, and R is a finitely generated D-algebra. Choose a maximal ideal m of D, and let J be an intersection of prime ideals of R minimal over mR such that R/J is an indecomposable ring (e.g., choose J to be a prime ideal of R minimal over mR). Then by the corollary, the integral closure of D + J in its quotient field has a finite R-representation.
The next theorem is more or less implicit in Theorems 6.5 and 6.6 of [19] . It gives an extrinsic classification of the quasilocal overrings of a twodimensional Noetherian domain having a Noetherian R-representation, with emphasis on how these rings are assembled from valuation rings. 
and each V i is irredundant in this intersection; (c) There exist unique irrational valuation rings V 1 , . . . , V n and a unique collection Γ of valuation overrings of H of Krull dimension 2 such that Γ 1 is finite,
and each member of {V 1 , . . . , V n } ∪ Γ is strongly irredundant in this intersection; or, (d) There exists a unique collection Γ of valuation overrings of H of Krull dimension 2 such that Γ 1 is finite,
and each member of Γ is strongly irredundant in this intersection. 
If A can be omitted from this intersection, then (d) is satisfied. If, on the other hand, A cannot be omitted, then since A is a finite intersection of irrational valuation overrings, we may throw away those not needed in the representation of H and obtain (c), where uniqueness follows from Theorem 2.8. Conversely, in (c) and (d), since Γ 1 finite, we have by Proposition 3.2 that Γ is a Noetherian space. Thus it is clear since a finite union of Noetherian spaces is Noetherian that each of (a)-(d) implies H has a Noetherian Rrepresentation.
Examples given in the next section illustrate each case in Theorem 3.11. From the theorem we draw the following corollary, which is implicit in Theorems 6.5 and 6.6 of [19] , and classifies quasilocal overrings of two-dimensional Noetherian domains having a finite character R-representation. To close this section, we mention that it is somewhat complicated to describe Spec(H) when H has a Noetherian R-representation: in general some prime ideals are contracted from R, others are contracted from prime ideals of the valuation rings in the representation, and some arise from neither of these sources. We omit the details of how to account for these prime ideals, and refer instead to Section 7 of [19] . However, the analysis of the particular case where R is the quotient field of D does lead to some nice consequences. 
A Rogue's Gallery
In this section we give examples of some ill-behaved integrally closed overrings of two-dimensional Noetherian domains, "ill-behaved" because they lie outside the reach of our preceding results or prevent us from tightening our results further, but they are not atypical. Indeed, loosely speaking, one should expect that "most" integrally closed overrings of two-dimensional Noetherian domains belong in this section, rather than to the orderly classification in the previous ones.
First we prove a theorem to illustrate that all the cases in Theorem 3.11 can occur, and that it is possible to have more than one strongly irredundant representative centered on a maximal ideal of an overring of a two-dimensional Noetherian domain. This is in dramatic contrast to the quasilocal rings in Theorem 2.11, which have a Noetherian representation, yet have only one strongly irredundant representative centered on a maximal ideal. We discuss the consequences of the theorem in more detail after the proof.
Theorem 4.1. Let K be a field of characteristic 0, let X and Y be indeterminates for K, and let n > 1. Then there exists a finitely generated K-subalgebra D of K[X, Y ] having quotient field K(X, Y ) and valuation overrings V 1 , . . . , V n of D such that each V i is strongly irredundant in H := V 1 ∩ · · · ∩ V n ∩ K[X, Y ], and each V i is centered on the same maximal ideal of H. Moreover, each V i may be chosen to be either an irrational valuation ring or a valuation ring of Krull dimension 2.
Proof. Without loss of generality we assume that K contains Q, the field of rational numbers. For each i = 1, 2, . . . , n, let G i be a totally ordered free abelian group of rational rank 2. Then either (a) G i can be viewed as a free subgroup of the real numbers, at least one of whose generators is an irrational number, or (b) G i is isomorphic as a totally ordered abelian group to Z ⊕ Z ordered lexicographically. We will construct a valuation v i having value group Γ i ⊆ G i , so that either, in case (a), the valuation ring of v i is an irrational valuation, or, in case (b), the valuation ring of v i has Krull dimension 2.
Choose rationally independent generators σ i and τ i of G i with 0 < τ i < σ i such that τ i is contained in the smallest nontrivial convex subgroup of G i (possibly this subgroup is all of G i ). For each i = 1, 2, . . . , n, since
where each α k, ∈ K. With this in mind we define a mapping v i :
Then v i defines a valuation on K(X, Y ) with value group Γ i ⊆ G i generated by nσ i and τ i [4, Theorem 2.2.1]. In particular, if G i is chosen a subgroup of the reals, then v i has an irrational value group Γ i , while if G i is chosen to be Z ⊕ Z ordered lexicographically, then Γ i also is isomorphic to Z ⊕ Z ordered lexicographically, and the valuation ring corresponding to v i has Krull dimension 2.
For each i, let V i be the valuation ring associated to v i . First observe that for i = j in {1, 2, . . . , n}, we have v j (X + iY ) = −τ j . Indeed, suppose by way of contradiction that v j (X + iY ) = −τ j . Then, since v j (Y ) = −τ j , we have v j (X + iY ) = v j (Y ). Since the value of the sum of two elements, each having distinct values, is the minimum of the values of the elements, it follows that:
is an irredundant intersection. Define g(X, Y ) = (X + Y )(X + 2Y ) · · · (X + nY ), and for each i = 1, . . . , n, define g i (X, Y ) = (X + iY ) −1 g(X, Y ). We claim that for each
In the former case, v i (g i (X, Y )) = −(n − 1)τ i < 0; in the latter case: v j (g i (X, Y )) = nσ j − (n − 2)τ j > nσ j − nτ j > 0, since τ j was chosen with 0 < τ j < σ j . Therefore,
We in fact claim that each V i is strongly irredundant in this intersection. If each V i has Krull dimension 1, then the claim is clear. So suppose that some V i , say V 1 , has Krull dimension 2. To prove that V 1 is strongly irredundant, we must show that (
The value group Γ 1 of v 1 , since V 1 has Krull dimension 2, has rank 2, and so there exists a unique proper nontrivial convex subgroup ∆ of Γ 1 . Moreover, the mapping w :
is a valuation having valuation ring (V 1 ) P [4, p. 44] . By assumption, 0 < τ 1 < σ 1 , with τ 1 ∈ ∆. From our above calculations then, we see that since v 1 (g 1 (X, Y )) = −(n − 1)τ 1 , we have
Next we show that each V i is centered on the same maximal ideal of H. Each V i is necessarily centered on a maximal ideal of H, since otherwise by Proposition 1.2, V i is a DVR. Let M = M V1 ∩ H. Then we claim that M ⊆ M Vi ∩ H for all i = 1, 2, . . . , n, and to prove this it suffices to show that for each f ∈ M , v i (f ) > 0. This in turn is equivalent to proving that for each f ∈ H, if v i (f ) = 0 for some i, then v 1 (f ) = 0 also. We in fact prove the slightly stronger claim: If f (X, Y ) ∈ H, and v i (f (X, Y )) = 0 for some i = 1, 2, . . . , n, then v i (f (X, Y )) = 0 for all i = 1, 2, . . . , n.
Let f (X, Y ) ∈ H, and suppose that v i (f (X, Y )) = 0 for some i ∈ {1, 2, . . . , n}.
where each α k, ∈ K. Therefore,
and hence there exist k and such that α k, = 0 and 0 = knσ i − τ i . Since σ i and τ i are rationally independent and n > 0, it follows that k = = 0, so that α 0,0 = 0. Therefore, since
we conclude f (0, 0) = 0. Now, using the fact that f (0, 0) = 0, we claim that v j (f (X, Y )) = 0 for all j = 1, . . . , n. Let j be such an integer, and write f (X, Y ) = k, β k, (X + jY ) k Y , where β k, ∈ K. As above, we have:
By our above calculation, 0 = f (0, 0), so
so v j (f (X, Y )) = 0, which proves the claim that each V i is centered on the same maximal ideal of H.
Finally, we claim that H is an overring of a finitely generated K-subalgebra D of K[X, Y ] having quotient field K(X, Y ). Let
For each i, j ∈ {1, 2, . . . , n}, we have:
M , while the preceding discussion shows that for each m, n ≥ 0, H can have precisely n strongly irredundant irrational representatives centered on M and precisely m strongly irredundant representatives of Krull dimension 2 centered on M . Thus one question that remains is: Question 4.3. Does there exist an integrally closed overring H of a twodimensional Noetherian domain such that H has infinitely many strongly irredundant representatives that are irrational valuation rings and all lie over the same maximal ideal of H? (If the answer is negative, then it follows from Theorem 2.8 that the answer to Question 2.9 is affirmative.)
As hinted at in the previous discussion, it is possible that an overring of a two-dimensional Noetherian domain has no irredundant representatives. Such an example is given by a construction of Nagata. Krull conjectured in 1936 that a quasilocal completely integrally closed domain of Krull dimension 1 had to be a valuation ring. Later, in 1952, Nagata in [14] (but see also [15] ) intersected a large number of valuation rings together to form a counterexample to this conjecture. We apply his construction in the next proposition, which gives another example of how large classes of valuation overrings of two-dimensional Noetherian domains can intersect in complicated ways.
Proposition 4.4. (cf. Nagata [14, 15] ) Let k be a field, and let U and X be indeterminates over k. Then there exists a quasilocal completely integrally closed domain H of Krull dimension 1 that is an overring of k[U, X] and is not a valuation domain. Moreover, H has no irredundant representatives.
Proof. In Theorem 1 of [14] , Nagata shows that if K is an algebraically closed field having a nontrivial valuation v whose value group G is a proper subgroup of the real numbers, then there exists a collection Σ of valuation rings extending v and having quotient field K(X) whose value groups are subgroups of the reals, and such that A = V ∈Σ V is a quasilocal completely integrally closed domain of Krull dimension 1 that is not a valuation domain and has quotient field K(X). The set Σ is constructed in the following way. Choose a positive real number α not in the value group G of v. For every element e ∈ K such that α < v(e) < 2α (since K is algebraically closed, 2α ∈ G), define a valuation v e of K(X) such that v e ( n i=0 a i (X + e) i ) = min{v(a i ) + 2αi} (a i ∈ K).
Also, for every real number λ with α ≤ λ ≤ 2α, define a valuation v λ such that v λ ( n i=0 a i X i ) = min{v(a i ) + λi} (a i ∈ K).
Then Σ consists of the valuation rings corresponding to all the v e 's and v λ 's.
We apply this result to show that k[U, X] has an overring that is a quasilocal completely integrally closed domain of Krull dimension 1 but is not a valuation ring. To do so, we imitate aspects of the proof Theorem 2 in [14] . Let K be the algebraic closure of k(U ), and let v 0 be the valuation corresponding to k[U ] (U ) . Then v 0 extends to a valuation v of K whose value group is the group of rational numbers. Thus by Nagata's theorem there exists a collection Σ of valuation rings extending v and having quotient field K(X) whose value groups are subgroups of the reals, and such that A = V ∈Σ V is a quasilocal completely integrally closed domain of Krull dimension 1 that is not a valuation domain and the quotient field of A is K(X). Let A be the integral closure of A in K(X), the algebraic closure of K(X), and let N be a maximal ideal of A. Let H = A N ∩ k(U, X). Then since A is completely integrally closed, so is A N [14, Lemma 3] . Therefore, since H = A N ∩k(U, X), H is completely integrally closed also. Similarly, since A N is quasilocal of Krull dimension 1, so is H. But also A N ∩ K(X) = A [14, Lemma 1], and since A is not a valuation domain, A N is also not a valuation domain. If H is a valuation ring, then the integral closure H of H in K(X) is a Prüfer domain [5] , and since H ⊆ A N , it follows that A N is a valuation domain, a contradiction. Therefore, H is a quasilocal completely integrally closed domain of Krull dimension 1 that is not a valuation domain. Examination of the valuations used above to build Σ shows that U, X ∈ A. Indeed, it is clear that v e (U ), v λ (U ) > 0 for all e and λ. Also, for e ∈ K such that 0 < α < v(e) < 2α, since v e (X + e) = 2α, we have v e (X) = v e (X + e − e) = min{v(X + e), v(e)} = v(e) > 0.
Thus it follows that k[U, X] ⊆ H ⊆ k(U, X), and hence H is an overring of k[U, X].
If H has an irredundant representative V , then by possibly replacing V with a proper overring of V , we may assume without loss of generality that H has a strongly irredundant representative. To see that H has no strongly irredundant representatives, suppose by way of contradiction that there exists a valuation overring V of H and an integrally closed overring R such that H = V ∩ R, with V strongly irredundant in this intersection. Since H is quasilocal of Krull dimension 1, R necessarily has nonzero Jacobson radical, and V is necessarily centered on the maximal ideal of H. Thus by Proposition 2.4, since H is not a valuation ring, it must be that V has Krull dimension 2. But since H is completely integrally closed, H has no strongly irredundant representatives of Krull dimension 2 (Proposition 2.3). This contradiction shows that H has no irredundant representatives.
We recall next from [18] a different sort of example of having no irredundant representatives. It has the additional property of having a representation Σ such that Σ 1 has finite character, and hence H is in some sense close to having a Noetherian representation. The ring is a Prüfer domain, meaning that each valuation overring is a localization.
(4.5) Let K be a field of characteristic 0 that is not algebraically closed, and let D be a two-dimensional local integrally closed Noetherian domain with maximal ideal m such that D has residue field K and D is the localization of a finitely generated K-algebra. Let Σ be the set of all valuation overrings V of D of Krull dimension 2 such that the residue field of V is K and V ⊆ D p for some height one prime ideal p of D. Let H = V ∈Σ V , and observe that Σ 1 has finite character. It is shown in Example 6.4 of [18] using resolution of singularities that H is a two-dimensional Prüfer domain having no irredundant representatives.
We discuss another naturally occurring example exhibiting some of the same traits as (4.5). Let R be a domain with quotient field F . Then the ring of R-valued polynomials is defined to be Int
The ring Int(Z) is a two-dimensional Prüfer (hence non-Noetherian) overring of the two dimensional Noetherian domain Z[X], and has a rich and wellstudied structure; see [3] . In the next proposition, we wish to consider Int( Z p ), where Z p denote the ring of p-adic integers, and Q p denotes its quotient field. This ring is a two-dimensional completely integrally closed Prüfer domain that cannot be written as an intersection of valuation overrings of Krull dimension 1 [ We collect below a few more examples from other sources. As with the last two examples, these are also interesting instances of Prüfer overrings of two-dimensional Noetherian domains.
(4.7) Let K be a field of characteristic 0 that is not algebraically closed, let D = K[X, Y ] and let H be the intersection of all the valuation overrings of D having residue field K. Then H is a Prüfer domain of Krull dimension 2 having no irredundant representatives (apply [6, Lemma 1.6 and Theorem 1.7] and [20, Theorem 4.7(i)]). This ring is also interesting in that it is a Hilbert ring such that for each nonzero proper finitely generated ideal I of H, there exist for each h = 1, 2 and d = 0, 1, infinitely many prime ideals minimal over I of height h and dimension d [20, Proposition 3.11 and Theorem 4.7]. All these claims remain true if D is assumed to be a two-dimensional affine Kdomain such that K is existentially closed in the quotient field of D; moreover, similar results hold in higher dimensions; see [20] . See also [12] for a way to create similar examples with no restriction on whether K is algebraically closed, and using all the valuation overrings of D, not just those with residue field K: the caveat is that these valuation overrings must be extended to F [T ], where F is the quotient field of D and T is an indeterminate for F . But the ring so created remains an overring of a two-dimensional Noetherian domain, namely, D(T ), where D(T ) is the Nagata function ring of D.
(4.8) This example, which is taken from [22] , gives a somewhat natural construction of a Prüfer overring of a two-dimensional Noetherian domain that has a strongly irredundant representation but does not have a Noetherian representation. Let K be a field that is not algebraically closed, and let D = K[X, Y ]. We recall the notion of an order valuation: Let m be a maximal ideal of D, and define a mapping ord m : D m → Z ∪ {∞} by ord m (0) = ∞ and ord m (f ) = sup{k : f ∈ m k } for all f ∈ D m . Since D m is a regular local ring, the mapping ord m extends to a rank one discrete valuation (the order valuation with respect to m) on the quotient field of D. Let E be a subset of K 2 . Then the order holomorphy ring with respect to E is the ring H = p∈E V p , where for each p = (a, b) ∈ E, V p is the order valuation ring of D (X−a,Y −b) . The representation {V p : p ∈ E} of H is strongly irredundant [22, Theorem 2.3 ], yet if E is chosen so that it intersects with some algebraic set in K 2 in infinitely many points, then H does not have a Noetherian representation. The reason is that H is necessarily an almost Dedekind domain (that is, H M is a DVR for each maximal ideal M ) [22, Theorem 2.6 ], yet if H has a Noetherian representation, then by Theorem 3.14, Spec(H) is a Noetherian space, so that necessarily H is a Dedekind domain. But then every element of D is contained in at most finitely many maximal ideals in {(X − a, Y − b)D : (a, b) ∈ E}, which is impossible if E meets some algebraic set in infinitely many points. In fact, there is a one-to-one correspondence between the irreducible algebraic sets that E meets in infinitely many points and the valuation overrings of H that are not strongly irredundant representatives [22, Theorem 2.6].
(4.9) Here is another example, taken from Example 6.3 of [18] , that like (4.8) shows a strongly irredundant representation is not enough in general to guarantee the existence of a Noetherian representation. Let K be an infinite field that is not algebraically closed, and let D be a two-dimensional regular local ring with maximal ideal m such that K ⊆ D and K = D/m. Let x, y ∈ m be such that m = (x, y)D, and define B = D[x/y]. Then B/yB is isomorphic to the polynomial ring K[Z], where Z is an indeterminate for K. Hence, since K is an infinite field, there exists an infinite collection P of maximal ideals of B such that for each n ∈ P, m ⊆ n and B/n = K. For each n ∈ P choose a valuation overring V of B such that P V ∩ B = n, where P V is the height one prime ideal of V , and the residue field of V is K. As discussed in [18] , one may in fact choose V to be of Krull dimension 1 or 2. Let Σ be the collection of these valuation rings, one for each member of P, and define H = V ∈Σ V . Then, as is shown in Example 6.3 of [18] , H is a Prüfer domain, and Σ is a strongly irredundant representation of H, but there does not exist a Noetherian representation of H.
